Preliminaries
Definition 1.1. Let Q q and N n be smooth manifolds of dimensions q and n respectively (q ≥ n). Let p ∈ Q q be a singular point of a smooth map f : Q q → N n . The smooth map f has a fold singularity at the singular point p, if we can write f in some local coordinates at p and f (p) in the form f (x 1 , . . . , x q ) = (x 1 , . . . , x n−1 , ±x 2 n ± · · · ± x 2 q ).
A smooth map f : Q q → N n is called a fold map, if f has only fold singularities. Definition 1.2. Let Q q and N n be smooth manifolds of dimensions q and n respectively (q ≥ n). A smooth map f : Q q → N n at the fold singularity p ∈ Q q has a definite fold singularity if we can write f in some local coordinates at p and f (p) in the form f (x 1 , . . . , x q ) = (x 1 , . . . , x n−1 , x 2 n + · · · + x 2 q ), otherwise f has an indefinite fold singularity at the fold singularity p ∈ Q q . Let S 1 (f ) denote the set of indefinite fold singularities of f in Q q .
For fixed integers q and n, q ≥ n ≥ 0, let F OLD(q, n) (F OLD O (q, n)) denote the set of the fold maps f : Q q → R n , where Q q runs over the set of all closed q -dimensional manifolds (closed oriented q -dimensional manifolds, the upper index "O " comes from "oriented").
Stein factorization. We use the notion of the Stein factorization of a smooth map f : Q q → N n , where Q q and N n are smooth manifolds of dimensions q and n respectively (q ≥ n). Two points p 1 , p 2 ∈ Q q are equivalent if and only if p 1 and p 2 lie on the same componenet of an f -fiber. Let W f denote the quotient space of Q q with respect to this equivalence relation and q f : W f → N n the quotient map. Then there exists a unique continuous mapf : W f → N n such that the diagram
commutes or in other words f =f • q f . The space W f or the factorization of the map f into the composition of q f andf is called the Stein factorization of the map f . We call the mapf also the Stein factorization of the map f as well. Note that if f is a smooth map from a closed q -dimensional manifold into N n , then its Stein factorization W f is a compact n-dimensional CW complex.
The following notion is the analogue of abstract Reeb function introduced in [4] . Definition 1.3. Let AST EIN (q, n) denote the set of the continuous maps g : W n → R n where W n is a compact n-dimensional CW complex such that W n and the map g are locally equivalent to a Stein-factorization of a fold map f : Q q → R n ∈ F OLD(q, n). An element of AST EIN (q, n) is called an abstract Stein factorization.
In this chapter we are interested in the case when the codimension n−q is equal to −1.
So let F OLD q , F OLD O q , AST EIN q denote the set F OLD(q, q − 1), F OLD O (q, q − 1), AST EIN (q, q − 1) respectively.
Local forms of fold maps. The local forms of singularities of stable fold maps in F OLD q , q = 2, 3, 4, F OLD O 5 , their singular fibers and the local forms of their Stein factorizations are completely described in [8, 9] , [13, Chapter 4] , [14] and [21] .
In this section we summarize the classification of the singularities which will be important for us. Without mentioning, throughout the chapter we consider stable fold maps.
For singular fibers we use the notations of [13] , [14] and [21] . Let σ F : s F → J k denote the canonical singularity of singular fiber denoted by F. For example, for F = II 2 the singularity σ II 2 has a singular fiber of type II 2 (for the notation II 2 see [13, Chapter 4] , [14] , [21] ).
Letσ F : w F → J k denote the Stein factorization of the singularity σ F . We call the mapσ F the canonical Stein factorization singularityσ F or simply the canonical singularitȳ
Let κ(F)(= k) denote the codimension of the σ F -image of the singular fiber F.
We note that by this definition the singularity σ F has no circle components in its singular fiber.
For example, if we have a Morse function f on an orientable surface, we have an indefinite critical point of f (which is a saddle-point) such that the corresponding singular fiber is equivalent to an "8", then the function f restricted to a neighbourhood of the singular fiber corresponds to the canonical singularity σ I 1 : s I 1 → J , its Stein factorization (which is a function " → J ") is the singularityσ I 1 and κ(I 1 ) = 1, see Fig. 1 .
In the Fig. 1 we can see the canonical singularitiesσ
respectively. In the Fig. 3 we can see the singular fibers of the possible singularities σ F : s F → J κ(F) of fold maps Q q → R q−1 , q = 2 . . . 5, κ(F) = 1 . . . 4, which will be relevant for us.
By [8, 9] , [13, Chapter 4] and [14] we can state the following theorem. Theorem 1.5. Let f : Q q → R q−1 be an element of F OLD O q , q = 2 . . . 5. Let p ∈ Q q be an indefinite singular point of f , i.e., p ∈ S 1 (f ). Then there exists a neighbourhood U of f −1 (f (p)) in Q q such that U contains only the singular fibers of the singular points in S 1 (f ) and f | U is equivalent to σ F × id
where σ F is a canonical singularity of singular fiber F of the following types. 
Symmetries of singularities
Let AU T (σ F ) denote the group of automorphisms of the singularity σ F . Let g ∈ AU T (σ F ). Then g consists of two diffeomorphisms g 1 and g 2 such that the diagram Figure 1 . Stein factorization of the canonical singularity σ I 1 :
commutes, where the two vertical maps s F → J k are equal to the canonical singularitiy
Let AU T O (σ F ) denote the subgroup of automorphisms of g where the diffeomorphisms g 1 and g 2 both preserve or both reverse the orientations of the manifolds s F and structure group AU T (σ F ), i.e. the total space ξ is a fiber preserving map from the total space F of an F → B s F -bundle to the total space Γ of a Γ → B J κ(F) -bundle such that the map ξ is equal to the canonical singularity σ F on each fiber of F .
Then the structure group of the σ F -bundle ξ → B can be reduced to Aut(σ F ). Moreover its structure group can be reduced to P erm(σ F ).
Proof. We define a stratification on J k as follows. Let H k−1 n , n = 1 . . . k , denote the coordinate hyperplanes in J k , and let P i l , i = 0 . . . k, l = 1 . . . r i denote the r i i-dimensional parts of the natural stratification of J k induced by ∪ n H k−1 n . There exists over a point of every int(P k−1 l ) a point in s k,j which has a neighbourhood of the form , so g 1 maps
, so the diffeomorphism g 1 preserves the stratification.
Since the Stein factorizations F is a covering over every stratum, it is clear that for a given deformation (parametrized by t) of g 1 through diffeomorphisms which preserve the stratification there exists a deformation parametrized by t through diffeomorphisms of g 2 such that the pair (g 1 , g 2 ) t is an element of AU T (σ F ) at every t ∈ [0, 1], and it is clear that the action of (g 1 , g 2 ) t on the Stein factorizationσ F is determined by the deformation of g 1 .
We need to reduce the structure group AU T (σ F ) to the group Aut(σ F ). First we linearize the structure group of the Γ → B J κ(F) -bundle. Lemma 2.2. If we restrict the map ξ to a neighbourhood of the singular points in ξ −1 ( zero section of Γ ), we get an immersion into the J κ(F) -bundle Γ. So the structure group of the J κ(F) -bundle Γ → B can be reduced to the ortogonal group.
By this lemma the proof of the proposition is almost complete, still we have to note that the subgroup of the group AU T (σ F ) where the elements act identically on the Stein factorizationσ F can be retracted into the identity automorphism of AU T (σ F ), since the singular fiber F is a 1-dimensional complex which does not contain circle components, and an automorphism which act identically on the Stein factorizationσ F keeps the vertices of the singular fiber F unchanged and maps the edges into themselves. Proposition 2.3. For a given singularity σ F the group Aut O (σ F ) can be reduced to the groups in the next table.
Proof. We have to examine the automorphisms of the singular fibers. Details are left to the reader.
Cobordism of fold maps
Let us first give the classical definitions of cobordism. Later we give a definition more convenient and sophisticated. We define an equivalence relation on the set F OLD(q, n) (F OLD O (q, n)) as follows. Let ∐ denote the disjoint union. 
We call the map F a cobordism between f 0 and f 1 .
This clearly defines an equivalence relation on the set F OLD(q, n) (F OLD O (q, n)). This group operation is clearly commutative, so we have an abelian group, which we denote by Cob f (q, n − q) (Cob O f (q, n − q)) where the lower index "f " comes from "fold map" and the upper index "O " comes from "oriented".
Remark 3.3. The integer n−q is called the codimension of the map f . There was a result of Ikegami and Saeki [4] that Cob O f (2, −1) = Z. In [5] we proved that Cob f (2, −1) = Z⊕Z 2 and in [6] 
Ikegami computed the groups Cob f (q, 1 − q) and Cob O f (q, 1 − q) (which are the cobordism groups of Morse functions) for arbitrary integers q ≥ 0 [3] .
For k ≥ 0 there are many results concerning the cobordism groups Cob τ (q, k), where τ is a set of singularity types, the elements of the group Cob τ (q, k) are cobordism classes of smooth maps with only singularities in τ , and a cobordism between two such maps has only singularities in τ . See for example [7, 12, 15, 16, 18, 19] .
The following notion is the analogue of cobordism between abstract Reeb functions introduced in [4] . Definition 3.4. Let q and n be integers, q ≥ n ≥ 0. Let g i : W n i → R n , i = 0, 1, be abstract Stein factorizations in AST EIN (q, n) in the sense of Definition 1.3. We say that g 0 and g 1 are cobordant if there exists a continuous map G :
, are subcomplexes of P n+1 with regular neighbourhoods of the forms
, the polyhedron P n+1 and the map G are equivalent to one of the local forms of Stein factorizations of fold maps from q + 1-manifolds into R n+1 .
Furthermore, we call the map G :
This clearly defines an equivalence relation on the set of abstract Stein factorizations AST EIN (q, n). 
It is easy to show that the cobordism class of the abstract Stein factorization g 0 ∐ g 1 does not depend on the choice of the representatives g 0 and g 1 .
Let us denote the cobordism group of abstract Stein factorizations AST EIN (q, n)
by Cob S (q, n − q) where the upper index "S " comes from "Stein factorization".
In this chapter we are interested in the case when the codimension n − q is equal
Next we prove a lemma which says that in the group Cob
f (q) we have to care only about the maps which have singular fibers without circle components. We shall call a map in F OLD q punctured if its image is contained in a small tubular neighbourhood of the image of its indefinite singular set. It is defined analogously a punctured cobordism of two punctured fold maps. Lemma 3.6. Let f be a map in F OLD q . Then there exists a map f ′ in F OLD q such that (i) the fold map f ′ is cobordant to the fold map f , (ii) the map f ′ is punctured, (iii) the restriction of f to a neighbourhood of its indefinite singular set S 1 (f ) is equal to the the restriction of f ′ to a neighbourhood of its indefinite singular set S 1 (f ′ ).
Proof. As desrcibed in [6] by the method of making holes we have such a map f ′ .
By Lemma 3.6 we have that the cobordism group of punctured maps in F OLD Cobordism with prescribed singularities. In this section we introduce some notion which are analogues of "τ -maps" of the positive codimensional case [12] and we give a more sophisticated definition of cobordism. Definition 3.8. Let σ F be a canonical singularity and let G be a subgroup of Aut(σ F ).
We call the pair (σ F , G) a global singularity. Definition 3.9. Let f be an element of F OLD q . By the stratification of the neighbourhood of the image of f (see Reamark 1.6) the neighbourhoods of the strata and their pre-images together can be considered as bundles of canonical singularities. Let τ f be a set of the global singularities (σ F , G F ) where each σ F is a singularity of f and the corresponding G F is the structure group of the bundle of this singularity. We call the set τ f the global singularity set of f . 
Definition 3.11. Let τ be a set of global singularities. Let f be an element of F OLD q .
We say that f is a τ -map if the global singularity set τ f ≺ τ . We call the map F an (oriented) τ ′ -cobordism between f 0 and f 1 .
For two global singularity sets τ and τ ′ let us denote the cobordism group of τ -maps under τ ′ -cobordisms by Cob If τ is the set whose elements are the global singularity (σ I 1 , {id}) (i.e., the automorphism group of the global singularity is equal to the group consisting only of the identical automorphism) and its multisingularities, then Cob τ (n) is equal to the group Imm f r (n − 2, 1) which is the group π S (n − 2).
The classifying space for τ -maps
Given a group G let EG → BG denote the universal G-budle. For a global singularity
where we can write the total space ξ G F in an other form
Let us define the boundary ∂ξ G F of the total space ξ G F as the subset
F . This is a fold map, the singularities of which have codimension less than κ(F).
We can define a partial ordering on the set of global singularities.
Definition 4.1. We say that the global singularity a = (
has a singularity of type σ F 0 and the structure group of the singularity σ F 0 in ∂ξ
is a subgroup of the structure group G 0 .
Note that for any group
holds if and only
if the boundary ∂σ F 1 of the canonical singularity σ F 1 has a singularity of type σ F 0 .
Definition 4.2. We say that a global singularity set τ is closed if for any global singularity (σ F , G) in τ for every singularity of type σ ′ F of the map ∂ξ
Note that for a map f ∈ F OLD q the global singularity set τ f is closed.
Conversely, for a global singularity set τ which is closed we can construct by induction a map ξ τ which is a τ -map in the sense that τ ξ is equal to τ as follows.
The following construction of the map ξ τ is very similar to the constructions of the classifying spaces of Szűcs [16, 19] and the universal map of Rimányi and Szűcs [12] . We suggest to the reader to study and understand the construction in [12] before reading the following definition. In our case the transversality and the uniqueness up to homotopy are included without mentioning. Proof. The homopoty groups of Γ τ provide us the corresponding cobordism groups according to the (generalized) Pontrjagin-Thom construction as follows.
Let f be a τ -map in F OLD q+1 . By Remark 3.14 we can suppose that f is a punctured map without definite singularities (and with boundary). Then we obtain a map S : S q → Γ τ as follows. We note that the total space of a σ F : s F → J κ(F) -bundle is a s Fbundle. Let U F(f ) denote the tubular neighbourhood of the f -image of the singularities of type σ F in R q . By a map S F : U F(f ) → Γ G F we induce the total space of the σ Fbundle (which is an s F -bundle) of f from the block Γ G F of Γ τ for every global singularity (σ F , G ′ ) in τ f . Then we glue these maps S F : U F(f ) → Γ τ to a map S : S q → Γ τ by the generalized Pontrjagin-Thom construction.
Conversely, let S : S q → Γ τ be an element of π q (Γ τ ). Then we can glue a punctured fold map of a q + 1-dimensional manifold with boundary without definite singularities from the total spaces of the σ F -bundles S * (ξ
This can be applied for homotopies and cobordisms as well. to its Stein factorization. Then Υ induces a homomorphism υ : Cob
Proposition 4.6. The homomorphism υ is an isomorphism.
Proof. The classifying space Γ τ and the classifying space Γ S τ are the same because the corresponding structure groups of the global singularities in τ andτ are the same.
Corollary 4.7. When we want to compute a cobordism group of fold maps, it is sufficient to work with abstract Stein factorizations where the structure group of an abstract Stein factorization singularityσ F is the same as that of the singularity σ F .
In other words when we want to compute the homotopy groups of Γ τ , it is sufficient to work with the space Γ S τ and abstract Stein factorizations equipped with the appropriate structure groups.
Computation of cobordism groups
For a global singularity a = (σ F , G) let Imm G (q − κ(F), κ(F)) or Cob a (q + 1) denote the cobordism group of immersions of q − κ(F)-dimensional manifolds in R q with normal structure induced from the bundle Γ G F . Note that the action of the automorphism group G may be not effective on J κ(F) . This group is equal to the cobordism group of −1-codimensional fold maps from q + 1-dimensional manifolds with boundary where the image is contained in a small tubular neighbourhood of the singularities of type σ F and its multisingularities. This gives reason for the notation Cob a (q + 1).
According to the Pontrjagin-Thom type construction for maps (see [12] , Definition 4.3 and Theorem 4.4) a map into a closed manifold P q is nullcobordant if and only if the corresponding map from P q (in Theorem 4.4 the manifold P q was the sphere S q ) is homotopic to a constant map. This can be applied in many ways related to the fold map Note that the group π q (Γ τ ′ /Γ τ ) is equal to the group Cob a (q + 1).
Suppose that we can modify the map σ F to a new map σ ′ F such that (i) this modification is invariant under the structure group G , (ii) the map ∂σ F is equal to the map ∂σ ′ F , (iii) the singularities of σ ′ F are the same as the singularities of ∂σ F , (iv) the image of the new map σ ′ F is contained in the complement of a neighbourhood of the origin in J k .
Then the cobordism group Cob τ ′ (q +1) is isomorphic to the group Cob a (q +1)⊕Cob τ (q +1), or in other words the cobordism group Cob τ ′ (q + 1) is isomorphic to the group
Proof. The modification of σ F shows that the glueing map ϕ Proof. For a fold map f : Q q+1 → R q in F OLD O q+1 with only singularities of type σ I 1 and its multisingularities the automorphism group Aut(σ I 1 ) = Z 2 can be considered as a structure group of a line-bundle over the indefinite singular set Σ(f ) of the map f . This line-bundle can be considered as a 1-codimensional submanifold of Σ(f ). So the cobordism group Cob O 1 (q + 1) can be considered as the cobordism group Imm f r (q − 1, 1).
Let π s (q − 1) denote the (q − 1)th stable homotopic group of spheres. Note that this group is equal to the cobordism group Imm f r (q − 1, 1) which is the cobordism group of 1-codimensional immersions into R q with one normal frame. Recall that the cobordism group Imm(q − 2, 1) of 1-codimensional immersions into R q−1 is equal to the cobordism group Imm ε 1 ⊕γ 1 (q − 2, 2) of 2-codimensional immersions into R q with a direct sum of one frame and an arbitrary line bundle as normal structure. Proof. By Proposition 5.2 we have to compute the group Imm f r (q−1, 1). 1-codimensional submanifolds in immersed q − 1-dimensional manifolds can be considered as a set of type of 2-codimensional "singularity" which has normal structure ε 1 ⊕ γ 1 and which is glued to the framed immersed q − 1-dimensional manifold by the line-bundle corresponding to γ 1 as its normal bundle in the immersed q − 1-dimensional manifold. We can apply Lemma 5.1 with τ equal to framed 1-codimensional immersions as singular sets and (σ F , G) equal to the 2-codimensional singularity with ε 1 ⊕ γ 1 as normal structure. The group Proof. By Fig. 4 and Fig. 5 we can modify the singularities σ II 2 and σ II 3 . 
We know the followings. By [6] ) = Z 2 2 because the singularities σ III 4 and σ III 6 both have automorphisms which are orientation reversing on J 3 . Hence α is a monomorphism, so β = 0 and δ is an epimorphism. Therefore the group π 3 (Γ τ ′
2
) is a factor of the group π 3 (Γ τ 2 ) = Z 5 2 . In [6] we saw that factorizing out the group π 2 (Γ τ 2 ) = Z 4 2 by the homotopy classes of the attaching maps of the two singularities σ III 4 and σ III 6 we obtain the group π 2 (Γ τ ′ 2 ) = Z 2 2 because two independent relations come from the boundaries of these two singularities for the elements in π 2 (Γ τ 2 ). We can check that these two independent relations are satisfied in the case of the group π 3 (Γ τ ′ 2 ) as well, i. e. there is a homomorphism h • :
where h • is the composition by the Hopf-map h : S 3 → S 2 . Hence π 3 (Γ τ ′ 2 ) = Z l 2 where 1 ≤ l ≤ 3. The inequality 1 ≤ l comes from the following. Namely these are the blocks of the global singularities (σ and σ III 8 since their automorphism groups are equal to Z 3 which is represented by the permutations of the axes in J 3 , see Figure 6 (the automorphism group of the singularity Figure 6 . The action of Z 3 σ III 7 is equal to 0, so the corresponding glueing map is homotopic to a constant map as we can see in [6] Remark 5.7. By checking the boundaries of the singularities σ F with κ(F) = 4 we see similarly to [6] that the group Cob O
